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Abstract 

We discuss a generalization of POVM which is used in quantum-like 
modeling of mental processing. 

1 Introduction 

Recently quantum information was actively used in applications to cognitive 
science, psychology, genetics, see, e.g., [I]- [3 and references herein. As was 
pointed out in [4] , although many mental models cannot be described by the 
classical probabilistic model (Kolmogorov, 1933; at least multi-Kolmogorovian 
framework has to be explored), the quantum probabilistic formalism also may 
be too special to cover all sorts of mental probabilistic nonclassicality. In [1] 
it was shown that there exist statistical data from cognitive psychology which 
cannot be represented with the aid of standard quantum observables given by 
Hermitian operators (the Dirac-von Neumann quantum formalism). It seems 
that non-Hermitian operators has to be involved in operational representation 
of mental observables. In T a quantum-like representation algorithm (QLRA) 
was elaborated. It can be applied to produce operator representation of observ- 
ables (of any origin: physical, mental, biological), but operators are not always 
Hermitian. This is a consequence of the experimental fact that, for statistical 
data collected in cognitive psychology, the matrices of transition probabilities 
are not always doubly stochastic, non-doubly stochastic matrices can arise as 
well. And we know that the matrix of transition probabilities for two quantum 
observables (with nondegenerate spectra) given by Hermitian operators is al- 
ways doubly stochastic. Moreover, the author of [I; was not able to describe 
aforementioned statistical data even by using positive operator valued mea- 
sures (POVMs) which represent generalized quantum observables in quantum 
information theory. In this note we describe the class of observables which are 
produced by QLRA and study its connection with the class of "conventional 
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generalized observables" , POVMs. We also study the question whether the sta- 
tistical data described by "new generalized observables" can also be described 
by POVMs. We show that the class of new generalized observables is larger 
than the class of POVMs. 



2 New generalization of quantum mechanical for- 
malism 

Let us consider a finite dimensional Hilbert space H. Let £ — {ej}"^i be an 
orthonormal basis: 

= XI CJ^J' = e C. (1) 
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Each £ generates a class of (conventional) quantum observables, self-adjoint 
operators: 

ai^ ^^y3Cjii})ej, (2) 
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where Xa = {yi, j/n}, Uj G Vj 7^ Ui is the range of values of a (so we start 
with consideration of observables with nondegenerate spectra). 

Let now £ = {ej}"^^ be an arbitrary basis (thus in general {ej,ei) 7^ 0, i ^ j) 
consisting of normalized vectors, i.e., {ej,ej) = 1. 

We generalize the Dirac-von Neumann formalism by considering observables 
^ for an arbitrary £. We also consider an arbitrary nonzero vector of iJ as a 
pure quantum state. We postulate (by generalizing Born's postulate): 

where the coefficients Cj (ip) are given by the expansion ([T]) . 

If £ is an orthonormal basis, then Cj{^p) = {'4',ej),J2j |ci(V')P = IIV'IP and 
for a normalized vector ip, we obtain the ordinary Born's rule. 

Our generalization of the Dirac-von Neumann formalism is also very close 
to another well known (and very popular in quantum information theory) gen- 
eralization of the class of quantum observables, namely, to the formalism of 
POVMs. To proceed in this way, we introduce projectors on the basis vectors: 
TTjip = Cj{ip)ej. We remark that 7r| = ttj, but in general tt* ^ Hj. We have: 
|ci(^)P = ("'iV'! "'iV') = (-^jV'i V'); where Mj = 7r*7rj. We remark that each Mj 
is self-adjoint and, moreover, positively defined. We also set M — Mj. Then 
our generalization of Born's rule can be written as: 

where = \ip){Tp\. We remark that, for an arbitrary nonzero ip, the operator 
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Now we generalize the conventional notion of the density operator, by con- 
sidering any nonzero p > as a generalized density operator. The corresponding 
generalization of Born's postulate has the following form: 

Tr p Mj 

The only difference from the POVM formalism is that the operator M ^ I (the 
unit operator). 

We remark that (Mi/','0) = 7^ OiV' 7^ 0. Thus (we are in the 

finite dimensional case) the inverse operator is well defined. 

We now proceed with our formalization and consider an arbitrary (separable) 
Hilbert space H. 

Definition 1. A generalized quantum state is represented by an arbitrary 
trace class nonnegative (nonzero) operator p : p > 0, < Trp < 00. 

Definition 2. A generalized quantum observable is represented by an arbi- 
trary (so in general non normalized) positive operator valued measure E on a 
measurable space {X,F) such that E{X) > 0. 

Thus, for a generalized quantum observable E, we have: 

1) . E{B) > 0, for any set B G T, and E{X) > 0; 

2) . E{B)* = E{B), for any set B e J"; 

3) . eIwJ^^B^) = EiBj) for aU disjoint sequences {Bj} in T. 

Generalized Born's rule: Let p and E be generalized quantum state and 
observable, respectively. Then the probability to find the result x of the E- 
measurenient in a measurable set B (for an ensemble represented by p) is given 

by 

, TrpE(B) 

We remark that Trp E(X) > 0. To prove this, we consider the spectral 
expansion of the trace class operator p = '^jQj^'j ® ipj- Here at least one 
q, > 0. Then Trp E(X) = Ej qj(E(X)Vj, V'j) > 0. 

We remark that probabilities with respect to non normalized (generalized) 
quantum state p, i.e., Trp ^ 1, always can be rewritten as probabilities with 
respect to the corresponding normalized (i.e., usual) quantum state. Set 

p' - p/Trp. (7) 

Then we can scale the nominator and denominator in © by diving by Trp and 
obtain: 

P.i^^B)^PA.eB)^^^^. (8) 

Hence, on the level of probabilities the magnitude of the trace of a generalized 
quantum state does not play any role. Therefore we can restrict our general- 
ization of quantum formalism just to observables and operate with standard 
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quantum states 

The natural question arises: Can probabilities for a (novel) generalized quan- 
tum observable be always represented as probabilities with respect to some POVM? 

By taking into account the above discussion on a possibihty to express proba- 
bihties with respect to a generahzed quantum state as probabihties with respect 
to the corresponding standard quantum state we can formulate this question in 
the following way. Denote the space of all density operators by the symbol V 
and the space of all probability measures on [X,T) by the symbol A^. Then 
each POVM, B ->■ W{B), B e induces the map 

jw-.V^ M,pw{B\p) = Jw{p){B) = TrpW(B). (9) 

Each (novel) generalized quantum observable, B — > E{B),B E T, induces the 
map 

ie:V~^ M,pe{B\p) EE je{p){B) = ^f^^^^y (10) 

We are interested whether each map can be represented as the jV-nrap for 
some POVM W. 

The answer is negative which is demonstrated by the following example. 

Example. Consider a generalized observable acting in the qubit space and 
given by two operators: Eq — 2|0)(0| and Ei = |1)(1|. Both operators are Her- 
mitian and positive, but Eq + Ei ^ I. Hence, the family E — {Eo,Ei} is a 
generalized observable, but not POVM. We have pe{0\p) — 2^^^+^^ Pe{Mp) = 
^^^^Ypii ■ Suppose now that there exists POVM W = {Wq,Wi = / - Wq} 
such that pE{a\p) = pwioi\p),a — 0,1. Consider matrix of Wq in the ba- 
sis |0), |1) : Wq — {xij). Take three density matrices pi = diag(l,0),p2 = 
diag(0,l),p3 = diag(l/2,l/2). Then pb(0|pi) = l,PEiO\p2) = 0,pb(0|p3) = 
2/3. Hence, pw{0\pi) = 1 = xoo,Pw{0\p2) = = Xii,pwi0\p3) = 2/3 = 
(j:oo+a:ii)/2 = l/2. 

The main difference of the generalized quantum probabilities from the con- 
ventional quantum probabilities is that the new model is nonlinear with respect 
to the density operator and the conventional model is linear. Hence, it seems 
that quantum-like applications in cognitive science and psychology lead to non- 
linear calculus of probabilities generalizing the quantum probabilistic calculus. 
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